Introduction {#Sec1}
============

The *O*(*N*) Wilson--Fisher fixed point appears in a large variety of systems where it controls the universal critical behavior in the infrared (IR) scaling regime \[[@CR1]--[@CR5]\]. Generalizations of this universality class appear in the context of coupled-field models, e.g., for the $\documentclass[12pt]{minimal}
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                \begin{document}$$O(N_1) \oplus O(N_2)$$\end{document}$ two-field model \[[@CR6]--[@CR11]\]. Depending on the number of field components $\documentclass[12pt]{minimal}
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                \begin{document}$$N_i$$\end{document}$ and dimension *d*, one finds that different fixed points (FP) govern the IR behavior of the model. Two of these, the decoupled (DFP) and isotropic fixed point (IFP), can be deduced from the existence of the Wilson--Fisher fixed point. While the DFP is characterized by a complete decoupling of the fields and therefore can effectively be regarded as a model for two independent vector fields, the IFP displays a complete symmetry enhancement to an $\documentclass[12pt]{minimal}
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                \begin{document}$$O(N_1 + N_2)$$\end{document}$ rotational symmetry. However, the two-field model features another so-called biconical fixed point (BFP), which emerges due to the nontrivial interactions between the two field sectors. The BFP is fully coupled, i.e., mixed interactions are nonvanishing, but it does not show an enhanced symmetry, as the IFP does; see, e.g., Refs. \[[@CR10]--[@CR12]\]. Interestingly, it turns out that the $\documentclass[12pt]{minimal}
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                \begin{document}$$O(N_1)\oplus O(N_2)$$\end{document}$ model in $\documentclass[12pt]{minimal}
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                \begin{document}$$d = 3$$\end{document}$ dimensions exhibits exactly one IR-stable fixed point (with no more than *two* relevant directions) for any pair of values $\documentclass[12pt]{minimal}
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                \begin{document}$$N_2$$\end{document}$. In this work, we address the question whether generalizations of the two-field model to the case of three and four fields allow for further unprecedented fixed-point solutions that are relevant for the IR scaling behavior of the respective model. Moreover, we look for additional confirmation of our previous study of $\documentclass[12pt]{minimal}
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                \begin{document}$$n = 3$$\end{document}$ fields in three dimensions \[[@CR13]\], where no stable fixed point (with no more than *three* relevant directions) was found for small values of $\documentclass[12pt]{minimal}
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                \begin{document}$$N_i$$\end{document}$ -- in contrast to the two-field model.[1](#Fn1){ref-type="fn"} In our previous study of this system \[[@CR13]\], we searched for fixed points using the nonperturbative functional renormalization group (RG) \[[@CR14]--[@CR19]\]. Within this scheme, the $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-functions are non-polynomial functions of the couplings and it is therefore challenging to make sure that numerical fixed-point searches do indeed uncover all stable fixed points of the system. To address this problem, we match the solutions of the renormalization group $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-functions derived within the framework of the functional RG to those obtained with the Wilsonian momentum-shell RG by employing an expansion in $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon = 4-d$$\end{document}$. The $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon $$\end{document}$-expansion features $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-functions that are polynomials of the couplings. A comprehensive study of all fixed points that are continuously connected to the Gaussian FP at $\documentclass[12pt]{minimal}
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                \begin{document}$$d = 4$$\end{document}$, is therefore straightforward. On the other hand, the full nonlinear $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-functions of the functional RG yield reasonable estimates of the stability of fixed points already at low orders in the approximation. Indeed, comparing fixed points in both RG schemes, we can convincingly identify stable fixed points and determine their stability regions in the space spanned by the values of the field components $\documentclass[12pt]{minimal}
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                \begin{document}$$N_i$$\end{document}$ in arbitrary dimensions.

More recently, interacting fixed points have become an active field of research in four-dimensional models, which are explored in the context of an ultraviolet (UV) completion for gravity \[[@CR20], [@CR21]\] as well as QFTs including matter fields \[[@CR22]--[@CR24]\]. In this setting, an interacting fixed point provides a well-defined microscopic starting point from which a fundamental quantum field theory (QFT) valid on all scales, can be defined. Here, we add another example to the collection of toy models for asymptotic safety that apply to QFTs in low dimensions (see, e.g., Refs. \[[@CR25], [@CR26]\]). In our example, we focus on the question how both the UV and the IR limit of the RG trajectory are determined by interacting fixed points with different degrees of symmetry.

Effective action functional for multi-field models {#Sec2}
==================================================

Building on previous work \[[@CR13]\], we derive the functional RG $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-functions from the nonperturbative flow equation for the scale-dependent effective action functional $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma = \Gamma \left[ \{ \phi _i \}\right] $$\end{document}$ in *d*-dimensional Euclidean space \[[@CR14]\] (see, e.g., \[[@CR15]--[@CR19]\] for reviews). Our starting point is an *ansatz* for $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma $$\end{document}$ to leading order in the derivative expansion$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Gamma =\int \mathrm{d}^{d}x \left[ \frac{1}{2}\sum _{i = 1}^n Z_{i}\, (\partial \phi _i)^2 + U\!\left( \{ \phi _j \}\right) \right] , \end{aligned}$$\end{document}$$where the summation runs over *n* distinct field degrees of freedom $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi _i$$\end{document}$ (defined in the $\documentclass[12pt]{minimal}
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                \begin{document}$$N_i$$\end{document}$-dimensional vector space representation of the $\documentclass[12pt]{minimal}
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                \begin{document}$$O(N_i)$$\end{document}$ symmetry group). The renormalization factors $\documentclass[12pt]{minimal}
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                \begin{document}$$Z_i$$\end{document}$ and the effective potential *U* are both assumed to be scale-dependent.[2](#Fn2){ref-type="fn"}

In the following, we exploit the symmetry of the model and write *U* in terms of the field invariants $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _i = \phi _i^2 / 2$$\end{document}$. Furthermore, we choose to expand the effective potential to some finite order $\documentclass[12pt]{minimal}
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                \begin{document}$$M\ge 2$$\end{document}$ around a possibly nonvanishing scale-dependent minimum $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa _i$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\left. \partial U_k / \partial \rho _i \,\right| _{\{\rho _j = \kappa _j\}} = 0$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\left. \partial ^2 U_k / \partial \rho _i^2 \,\right| _{\{\rho _j = \kappa _j\}} > 0$$\end{document}$. We have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} U = \sum _{m_1 + \cdots + m_n = 2}^M \lambda _{m_1 \cdots \, m_n} \frac{\prod _{i = 1}^n \left( \rho _i - \kappa _i \right) ^{m_i}}{\prod _{i=1}^{n} m_i!} , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda _{m_1 \cdots \, m_n}$$\end{document}$ are the scale-dependent couplings. The above expansion ([2](#Equ2){ref-type=""}) effectively introduces a large number of couplings (at each value of the RG scale parameter, $\documentclass[12pt]{minimal}
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                \begin{document}$$0 \le k < \Lambda $$\end{document}$), but only a few of them appear in the *bare* action $\documentclass[12pt]{minimal}
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                \begin{document}$$S = \Gamma (k=\Lambda )$$\end{document}$ defined at the scale $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda $$\end{document}$.
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                \begin{document}$$\beta $$\end{document}$-functions to one-loop order in the $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$-expansion may also be obtained from the nonperturbative RG flow equation. This is achieved by employing an expansion around the upper critical dimension and restricting the functional space to those operators that appear in the bare action.[3](#Fn3){ref-type="fn"} In the case of two fields these $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-functions agree with those given in Ref. \[[@CR11]\], as expected by one-loop universality. In the following, we consider a model in $\documentclass[12pt]{minimal}
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                \begin{document}$$d = 3$$\end{document}$ dimensions with three different field degrees of freedom, $\documentclass[12pt]{minimal}
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                \begin{document}$$N_3$$\end{document}$ field components, respectively, and compare our results \[[@CR13]\] explicitly with the Wilsonian momentum-shell RG to one-loop order in the $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$-expansion. As outlined in Sect. [1](#Sec1){ref-type="sec"}, our main goal is to complement the functional RG with the $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$-expansion to identify and characterize all possible multicritical scaling solutions relevant in the IR scaling regime. A similar strategy was also chosen in Ref. \[[@CR27]\], where the Polchinski version of the nonperturbative RG \[[@CR28]\] was contrasted to the $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$-expansion to investigate multicritical points for a scalar theory with a single order parameter.

RG fixed points to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {O}(\epsilon )$$\end{document}$ in the three-field model {#Sec3}
===================================================================================================

Employing the Wilsonian momentum-shell RG to one-loop order in the $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon $$\end{document}$-expansion, we obtain the following set of $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-functions:[4](#Fn4){ref-type="fn"} $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \beta _{200}= & {} - \epsilon \lambda _{200} + (N_1+8) \lambda _{200}^2 + N_2 \lambda _{110}^2 + N_3 \lambda _{101}^2 , \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \beta _{020}= & {} -\epsilon \lambda _{020} + N_1 \lambda _{110}^2 + (N_2+8) \lambda _{020}^2 + N_3 \lambda _{011}^2 ,\end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \beta _{002}= & {} -\epsilon \lambda _{002} + N_1 \lambda _{101}^2 + N_2\lambda _{011}^2 + (N_3+8) \lambda _{002}^2 , \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \beta _{110}= & {} - \epsilon \lambda _{110} + (N_1 + 2) \lambda _{110} \lambda _{200} + (N_2 + 2) \lambda _{020} \lambda _{110} \nonumber \\&+ \, N_3 \lambda _{011} \lambda _{101} + 4 \lambda _{110}^2 ,\end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \beta _{101}= & {} - \epsilon \lambda _{101} + (N_1 + 2) \lambda _{101} \lambda _{200} + N_2 \lambda _{110}\lambda _{011} \nonumber \\&+ \, (N_3 + 2) \lambda _{002} \lambda _{101} + 4 \lambda _{101}^2 ,\end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \beta _{011}= & {} - \epsilon \lambda _{011} + N_1 \lambda _{101}\lambda _{110} + (N_2 + 2) \lambda _{011} \lambda _{020} \nonumber \\&+ \, (N_3 + 2) \lambda _{002} \lambda _{011} + 4 \lambda _{011}^2 . \end{aligned}$$\end{document}$$ Fig. 1IR-stable and marginally stable FPs for the three-field model in the one-loop $\documentclass[12pt]{minimal}
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                \begin{document}$$N_1 = 2$$\end{document}$ (*right*). We identify the IFP (*blue inverted triangle*), the DFP (*green upright triangles*), the DIFP (*purple filled circles*), and the DBFP (*blue filled squares*). In addition to these scaling solutions, we find another IR-stable fully coupled FP, the ACFP (*pink filled diamonds*), while no stable FP is found for small values of $\documentclass[12pt]{minimal}
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Let us briefly highlight the difference of the above $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-functions to those derived within the functional RG approach \[[@CR13]\]: In the latter case higher-order interactions (generated by the RG flow toward the IR) are explicitly taken into account. Therefore, the $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-functions for the quartic couplings receive contributions from higher-order couplings (their scale-dependence being characterized by additional $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-functions that are determined within this approach). Moreover, the functional RG represents a *massive* renormalization scheme, and accordingly, mass parameters explicitly enter all $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$-functions, resulting in their non-polynomial structure. Details can be found in Refs. \[[@CR12], [@CR13]\].
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                \begin{document}$$\beta $$\end{document}$-functions, Eqs. ([5](#Equ5){ref-type=""} [6](#Equ6){ref-type=""} [7](#Equ7){ref-type=""} [8](#Equ8){ref-type=""} [9](#Equ9){ref-type=""})--([10](#Equ10){ref-type=""}) to obtain the FPs of the RG flow. Their stability is captured by the (critical) scaling spectrum, defined in terms of the eigenvalues of the stability matrix at the FP:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \theta \in - {{\mathrm{spec}}}\left( \frac{\partial \beta _{M}}{\partial \lambda _{M'}} \right) _{\text {FP}}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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Fully coupled FPs {#Sec4}
-----------------

To uncover additional IR-stable FPs, we inspect the scaling solutions as a function of the parameters $\documentclass[12pt]{minimal}
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### Asymmetrically coupled FP {#Sec5}

Our main result is the discovery of a new FP, which is completely coupled, i.e., $\documentclass[12pt]{minimal}
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To illustrate its properties, we give the corresponding values of the dimensionless, renormalized couplings $\documentclass[12pt]{minimal}
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We follow the fully coupled asymmetric FP along the $\documentclass[12pt]{minimal}
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It is interesting to note that the spontaneous creation/annihilation of two FPs, at least one of which is IR stable and therefore might be relevant for the multicritical scaling behavior in the IR, does not appear in the $\documentclass[12pt]{minimal}
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### Generalized BFP and regions without IR stable FP {#Sec6}

In general, the space of renormalized couplings $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda _{m_{_1} \,\ldots \, m_n}$$\end{document}$ features closed subspaces that are characterized by enhanced symmetries and the decoupling phenomenon: Whenever one of the sectors decouples, and the couplings between sectors vanish, fluctuations cannot regenerate the mixed couplings, and therefore the RG flow stays within that space, making it an RG-invariant subspace. With the discovery of the new asymmetrically coupled FP we may complete this picture in the following way: We may state that each of these subspaces (excluding its symmetry-enhanced or decoupled subspaces) contains at least one FP. In fact, from our analysis we find that almost all of these subspaces will feature an *IR-stable* FP for a particular set of values $\documentclass[12pt]{minimal}
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While in principle such a universality class exists, it would require a higher degree of fine tuning to reach it. Thus, the associated pattern of symmetry-breaking is not expected to be relevant experimentally. The BIFP would be a natural candidate to take over stability from the IFP as soon as it becomes unstable, just as the BFP takes over stability from the IFP in the two-field model. The additional relevant directions of the BIFP prevent this scenario from being realized, and imply that the three-field case features a region in the space of the $\documentclass[12pt]{minimal}
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Multi-field theories as toy models for asymptotic safety and IR-completeness {#Sec7}
----------------------------------------------------------------------------

In order for a QFT to provide a viable description of a set of degrees of freedom and their interactions on all scales, i.e., in order for the theory to be fundamental, it must reach a renormalization group FP in the UV and IR, respectively.[6](#Fn6){ref-type="fn"} Here, we provide a set of models that feature a large number of complete trajectories that run into nontrivial FPs both in the UV and IR.

In this context, it is important to realize that in principle a given FP can be reached asymptotically in either one of the two limits, if it features at least one critical exponent that differs in sign from the others. If a FP should be reached in the UV, all irrelevant couplings need to be tuned in such a way that the RG trajectory lies within the UV-critical hypersurface of the FP. In the context of high-energy physics, this implies that the values of all irrelevant couplings correspond to *predictions* of the model, i.e., for the model to be asymptotically safe, there is exactly one possible value for each irrelevant coupling. On the other hand, if the FP is reached in the IR, the renormalization group flow is automatically drawn toward it along the irrelevant directions, and it is the relevant directions that require tuning.

The large number of interacting FPs in our model provides a variety of different complete trajectories, connecting pairs of nontrivial FPs, subject to global properties of the flow. Furthermore, due to the possibility of symmetry enhancement at FPs, multi-field models are also of interest from the point of view of fundamental physics. For instance, it has been conjectured that quantum gravity should exhibit a violation of Lorentz symmetry, connected to anisotropic scaling in the ultraviolet \[[@CR31], [@CR32]\]. As violations of Lorentz symmetry are strongly constrained in the IR, such a setting requires a rather precise restoration of Lorentz symmetry at small scales. Here, we identify a set of models (defined by the number of field components in the different field sectors, $\documentclass[12pt]{minimal}
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                \begin{document}$$N_i$$\end{document}$) where a symmetry enhancement -- in our case an enhanced rotational symmetry in field space -- requires additional tuning. That is, the symmetry enhancement scenario is thus considered "unnatural". Interestingly, we also observe a number of realizations of these theories, in which an enhancement of symmetry is the most natural IR-endpoint of a trajectory, as all other existing FPs require a higher degree of tuning in order to reach them. Note that some degree of tuning is always required, as no fixed point comes with only IR-attractive directions. Demanding that the trajectory ends in an IR fixed point thus requires tuning at least three parameters. To avoid symmetry enhancement in these cases requires *additional* tuning.Fig. 3*Upper panel* We plot RG flow trajectories connecting the DFP in the UV (large positive *s*) with the symmetry-enhanced IFP in the IR (large negative *s*). We show the couplings $\documentclass[12pt]{minimal}
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Table 2Stable, fully coupled FP in the four-field case. There are four relevant directions; the corresponding exponents $\documentclass[12pt]{minimal}
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In particular, we will focus on two examples: The first involving the ACFP as a UV fixed point, thus defining a toy model for an asymptotically safe model. Here we pick $\documentclass[12pt]{minimal}
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                \begin{document}$$N_i$$\end{document}$ where, e.g., the IFP is stable (with three relevant directions) it is a natural candidate FP for RG trajectories in the IR; see Fig. [3](#Fig3){ref-type="fig"}. Thus, a model that has been rendered asymptotically safe, e.g., by defining it at the DFP, can only be infrared complete when at least three directions are tuned and it is the symmetry-enhanced IFP which provides the lowest number of relevant directions. In this case, IR FPs with a lower degree of symmetry will typically require a higher degree of fine tuning.
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We proceed in an analogous manner for the four-field model. Our main goal here is to confirm that the two novel features of the class of $\documentclass[12pt]{minimal}
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Based on our findings in the three- and four-field case, we therefore conjecture that models with larger numbers of competing orders will not feature multicritical behavior without additional fine tuning.

Results from the functional RG {#Sec9}
==============================

Details on the derivation of the functional RG equations for the model can be found in Ref. \[[@CR13]\]. As an important difference to the results of the $\documentclass[12pt]{minimal}
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Employing an LPA truncation to fourth order in the fields and including the scale-dependence of the renormalization factors, i.e., $\documentclass[12pt]{minimal}
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Our present results clearly highlight the strength of a combination of the functional RG with the $\documentclass[12pt]{minimal}
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Conclusions {#Sec10}
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With this study we identify a new fully coupled FP in the $\documentclass[12pt]{minimal}
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Our study plays out the strengths of two methods: The $\documentclass[12pt]{minimal}
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The identification of distinct interacting FPs in three- and four-field models also allows us to explore RG trajectories that define both UV- and IR-complete QFTs in $\documentclass[12pt]{minimal}
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Appendix A: Fully coupled FPs without IR stability {#Sec11}
==================================================

Here, we discuss the existence of FPs, which feature symmetry enhancement to $\documentclass[12pt]{minimal}
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Two of these FPs collide with the isotropic FP at $\documentclass[12pt]{minimal}
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Here, we consider only IR-stable fixed points for which the effective potential is real and satisfies a stability criterion \[[@CR12], [@CR13]\].

Here, we include terms to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {O}(\partial ^2)$$\end{document}$ and neglect a possible field dependence of the scale-dependent renormalization factors $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_{i}$$\end{document}$ (that are evaluated at the minimum of the effective potential *U*). Terms of the type $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sim \big (\partial \phi _i^2\big )^2$$\end{document}$, which in principle contribute at the same order in the derivative expansion, are not taken into account.

By virtue of one-loop universality, the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {O}(\epsilon )$$\end{document}$-expanded functional RG $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$-functions are exact and independent of the chosen (nonperturbative) regulator.

We introduce the following notation for the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta $$\end{document}$-functions:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \beta _{m_1 \cdots \, m_n} \equiv k \frac{\partial \lambda _{m_1 \cdots \, m_n}}{\partial k} , \end{aligned}$$\end{document}$$which are expressed in terms of the rescaled couplings$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lambda _{m_1 \cdots m_n} \rightarrow K_d k^{-d} \big (\prod _{i=1}^n Z_i^{-m_i} k^{(d-2)m_i}\big ) \lambda _{m_1 \cdots m_n}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K_d = \left[ (4\pi )^{d/2} \Gamma (d/2 + 1) / 2 \right] ^{-1}$$\end{document}$ and the RG scale is given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k = e^{s} \Lambda $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\infty < s \le 0$$\end{document}$.

To comply with the notation introduced in \[[@CR13]\], we will assume that the eigenvalues are labeled in descending order, i.e., $\documentclass[12pt]{minimal}
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In principle, more exotic scenarios as, e.g., limit cycles, might also be viable.
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